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A father protocol for quantum broadcast channels 

Frederic Dupuis and Patrick Hayden 



Abstract — A new protocol for quantum broadcast channels 
based on the fully quantum Slepian-Wolf protocol is presented. 
The protocol yields an achievable rate region for entanglement- 
assisted transmission of quantum information through a quantum 
broadcast channel that can be considered the quantum analogue 
of Marton's region for classical broadcast channels. The protocol 
can be adapted to yield achievable rate regions for unassisted 
quantum communication and for entanglement-assisted classical 
communication. Regularized versions of all three rate regions are 
provably optimal. 

Index Terms — quantum information, broadcast channels 

I. Introduction 

DISCRETE memoryless broadcast channels are channels 
with one sender and multiple receivers, modelled using a 
probability transition matrix p(yi, . . . , y n \x). There are many 
natural tasks that one may want to perform using these 
channels, such as sending common messages to all the users, 
sending separate information to each user, sending data to each 
user privately, or some combination of these tasks. Here we 
shall focus only on sending separate data, and most of our 
discussions will only involve channels with two receivers. 

These channels were first introduced by Tom Cover in [1], 
where he suggested that it may be possible to use them more 
efficiently than by timesharing between the different users. 
Since then, several results concerning broadcast channels 
have been found, such as the capacity of degraded broadcast 
channels (see, for example, [2]). 

The best known achievable rate region for general classical 
broadcast channels is due to Marton [3]: given a probability 
distribution p(x, u\, u 2 ) = p{u\, u^)p {x\u\, 112), the following 
rate region is achievable for the general two-user broadcast 
channel p(y 1 ,y 2 \x): 

O^Rx < I(U x ;Yl) 

< R 2 < I(U 2 ;Y 2 ) (1) 
Ri + R 2 s: /(C/ i; Yi) + I(U 2 ;Y 2 ) - I(U r , U 2 ) 

It is conjectured that this characterizes the capacity region of 
general broadcast channels, but despite considerable efforts, 
no one has been able to prove a converse theorem. 

The quantum generalization of broadcast channels was first 
studied in [4] as part of a recent effort to develop a network 
quantum information theory [5], [6], [7], [8], [9], [10], [11], 
[12], [13]. In [4], the authors derived three classes of results, 
the first one about channels with a classical input and quantum 
outputs, the second one about sending a common classical 
message while sending quantum information to one receiver, 
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and the third about sending qubits to one receiver while 
establishing a GHZ state with the two receivers. 

In this paper, we study quantum broadcast channels using a 
different approach. Over the past few years, several results in 
quantum Shannon theory have been unified and simplified by 
the introduction of the mother and father protocols [14] and, 
more recently, by the fully quantum Slepian-Wolf (FQSW) 
protocol [15] [16]. Thus, a whole array of results, such as 
the quantum reverse Shannon theorem [17], the Lloyd-Shor- 
Devetak (LSD) theorem [18] [19] [20], one-way entanglement 
distillation [21], and distributed compression [15] can be 
derived from the FQSW protocol in various ways. The results 
presented here are of the same flavour: we will derive a 
new coding theorem for general quantum broadcast channels 
using the FQSW theorem. The new protocol corresponds to a 
father protocol for broadcast channels: the sender transmits 
independent quantum information to each of the receivers 
using entanglement he already shares with each of them. Like 
the original father protocol, it can easily be transformed into 
a protocol for entanglement-assisted transmission of classical 
information via superdense coding or into a protocol for unas- 
sisted transmission of qubits by using part of the transmission 
capacity to send the needed entanglement. 

The paper is structured as follows. After introducing our 
notation and giving some background on quantum information 
in section UU as well as a quick review of the FQSW protocol 
in section |lll] we present a high-level overview of the protocol 
in section [IV] We then state and prove a one-shot version of 
the protocol in section|V] and then move on to the i.i.d. version 
of the protocol in section |VI] Finally, we conclude in section 

ivm 

II. Background and notation 

Quantum subsystems will be labelled by capital letters A, 
B, etc; and their associated Hilbert spaces will be denoted 
by Ha, Ti-B, etc. When necessary, we will use superscripts 
to indicate which subsystems a pure or mixed state is defined 
on; for instance, \ip) AB € Hab- We will abbreviate dim 7^ 
by \A\. 

Quantum operations will also be written using superscripts 
to denote the input and output systems; for example, U A ^ B 
is an operator which takes the quantum subsystem A' as input 
and yields output on subsystem B. Generally, isometries will 
be written as U, V, and so forth, whereas quantum channels 
(also known as superoperators, or completely positive trace- 
preserving maps) will be written using calligraphic letters, 
such as N A ^ B . A quantum broadcast channel is a quantum 
channel with one input subsystem and two or more output 
subsystems. 

Note that a quantum channel can always be extended to an 
isometry by adding another output subsystem which represents 
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the environment of the channel (see, for example, [22]). This 
isometric extension implements exactly the same operation 
as the original channel if we trace out the environment 
subsystem. The isometric extension of N A will be denoted 
by Ufy ^ S - E , where E is the environment. 

We denote conjugation of B by A using the symbol • in 
the form A ■ B := ABA^ . This will allow us to avoid writing 
symbols twice when applying several operators to a quantum 
state. 

We will also denote a "standard" entangled pair be- 
tween subsystems S and S' of equal size as l^) 55 = 



Reference 1 



Si Jo 



) ss , where the \i) s and \i) s are some standard 



bases on S and S'. 

We will often use the trace norm of a hermitian matrix 
M, defined to be ||M|| := Tr \M\. It is particularly useful 
because it induces a statistically important metric on the space 
of quantum states; we call the quantity \\p — a\\ the trace 
distance between p and a . 

The von Neumann entropy of a density operator p A will be 
denoted H(p A ) = H{A) p . The quantum mutual information 
of p AB is the function I(A; B) p = H(A) p + H(B) p - 
H(AB) p while the coherent information is the function 
I{A)B) p = H(B) p - H(AB) p . 

Finally, we will say that two families of states ip and ip 
parametrized by their size n are asymptotically equal (denoted 
ip «( Q ) tp) if — p\\ vanishes as n — > oo. See Appendix U 
for a formal definition. 

A. Achievable rates and the capacity region 

Here we define what we mean by achievable rates 
and the capacity region of a quantum broadcast chan- 
nel N A ^ BlB ' 2 for entanglement-assisted transmission. We 
define a (Q 1 ,Q2,n,e)-code to consist of an encoding 
isometry w AlAlA2A2 ^ AA and two decoding isometries 



Bf n B l ^B l B 1 



and V- 



B 2 n B2 — >B<zB<2 



such that 



{{V^U^W) .<p)-j> 



B1B2EA 



4> 



JiiBi 



R 2 B 2 



where \cp) = (g> ® |$) 



R2A2 



|4> 



A 2 Bt 



and 



B1B2EA 



is 



a pure state, and where log|Ai| = Qi and 



log \A2 1 = Q2- A\ and A 2 represent the systems that Alice 
wants to send to Bob 1 and Bob 2 respectively, and A\B\ and 
A2B2 are the EPR pairs Alice shares with the two receivers. 
See Figure Q] for a graphical illustration. Note that in practice, 
the encoding and decoding operations can be any completely 
positive, trace-preserving maps. We choose to implement these 
maps using isometries because this will prove much more 
convenient below. 

A rate point (Qi,Q2) is achievable if there exists a se- 
quence of (Qi, Q2,n, e„)-codes such that e n — ► as n — > 00. 
The capacity region of the channel AT is the closure of the 
union of all achievable rate points. 

The unassisted quantum capacity region for M is defined 
in the same way, except that the protocol begins without 
any entanglement between Alice and Bob 1 or Alice and 
Bob 2. Formally, the definitions are identical except that in 
the unassisted case, the systems A\, B\, A 2 and B 2 are 1- 
dimensional or, equivalently, non-existent. 




Reference 2 



Fig. 1. Diagram illustrating a generic protocol for a quantum broadcast 
channel. Each line represents a quantum system, boxes represent isometries, 
and the horizontal axis represents the passage of time. Lines joined together 
at either end of the diagram represent maximally entangled pairs. 



III. The FQSW protocol 

Before presenting our protocol, we first give a quick 
overview of the fully quantum Slepian-Wolf protocol [15]. 
Suppose Alice and Bob hold a mixed state p AB . We introduce 
a reference system R to purify the state; the resulting state 
is \tp} ABR . Alice would like to transfer her state to Bob by 
sending him as few qubits as possible. The FQSW theorem 
states that Alice can do this by first applying a unitary 
transformation to her entire share of the state (a random unitary 
selected according to the Haar measure will do), splitting her 
share into two subsystems A and A, and then sending A to 
Bob. 

Note that this scheme works provided that the subsystems 
A and R are in a product state after applying the random 
unitary: since Bob holds the purifying system of AR, there 
exists a local unitary that Bob can apply to turn his purifying 
system into separate purifying systems of the two subsystems. 
The purifying system of R is exactly the original state that 
Alice wanted to send to Bob, and A together with its purifying 
system is an EPR pair shared by Alice and Bob. This last 
feature is an added bonus of the protocol: Alice and Bob get 
some free entanglement at the end. 

It is possible to calculate how close A and R are to being in 
a product state. The result of the calculation is the following 
(see [15] for details): 



V(A) 



^AR 



l A 



1 



\A\* 



AR\ 



(2) 

where Par(U) — Tr^[C7 • ip AR ]. Since the inequality holds 
for the average over choices of U, there must exist at least 
one U that satisfies it. 

A special case of interest is when the initial state is an i.i.d. 
state of the form (\tfj) ABR )® n . In this case, it can be shown 
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Reference 1 
Bob 1 />, 



Alice 



Bob 2 








E \ 
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Fig. 2. Diagram illustrating the one-shot version of the protocol. 

that as long as log \A\ > n[\l{A; R) + 5], it will be true that 



Y 



Air 



(3) 



where ^as 8 ™,!? 8 ™ j s the result of applying the random 
unitary to Ha ■ ^ ABR )® n , where 11^ is the projector onto the 
typical subspace of the A subsystem, as defined in Appendix 
M and S > 0. 



IV. Overview of the protocol 

Returning now to the broadcast setting, let's suppose Alice 
would like to send the maximally mixed system A\ (which is 
purified by R{) to Bob 1, and A2 to Bob 2 using n instances 
of the quantum broadcast channel N A ^ BlB2 . In addition, 
she has shared EPR pairs with both of them, represented 
by systems A±Bi and A^Bi- We represent the channel by 
its isometric extension U^^ BlB2E . Alice encodes her in- 
formation using the encoding isometry W AlAlA2 2 ~* A A \ A' 
is then transmitted through the channel, and A is discarded 
(discarding a subsystem will turn out to be useful when 
discussing the i.i.d. case). Thus, after using the channel, 
the state of the system is = U^ n W\ip), where \ip) = 
i^Ai-Bj (g, |^h 2 a 2 (g, \^a 2 b 2 _ See Figure El for a 

diagram illustrating this. 

In order for Bob 1 to be able to decode, we have to make 
sure that i?i is in a product state with everything else that 
Bob 1 doesn't have access to, namely R2B2B2EA. Likewise, 
i?2 must be in a product state with R\B\B\EA. This is 
accomplished by applying an FQSW random unitary on R\B\ 
and another on R2B2, where Ri and R2 each play the role 
of the system that stays behind. Of course, it is impossible 
to apply these unitaries directly, since no one has access to 
Ri and R2, but since they are each applied to one end of a 
maximally entangled state, we can have the same effect by 
applying their transposes to the other end. 

V. One-shot version 

We first prove a generic "one-shot" version of our theorem 
which works for general states and channels; we will then use 



it to derive an achievable rate region for the case of many 
independent uses of the channel. 

Theorem 1: For every encoding isometry 
w a 1 a 1 a 2 a 2 ^a'a^ there exist unitaries U AlAl and U A2M , 

and decoding isometries y BlBl ^ BlBl and v 2 B2B2 ^ B2B2 
such that 



< 4 I \Rl\\Bl\\R2B2B 2 EA\ . R- L B 1 R 2 B 2 B 2 EA\2-l 
- 1 IBJ2 



2 I \R2l\B2WRlBxBxEA\ r Ti ^R 2 B 2 R 1 B 1 B 1 EA^ 



(4) 



where \tp) = |$) fllAl ® [<f>) AlBl ® \<$>) R2A2 ® |$)^ 2il1 , |<0) = 
J7/vW|<^), and ip B ^ B 2 EA i s a pure state uniquely determined 
by the protocol. 

Proof: Applying formula (0 twice, once for a random 
unitary over R\B\ and once for a random unitary over R2B2, 
yields: 



r R- L R 2 B 2 B 2 EAr l j\ 

U(Ri-Bi) " 



(g) -0 



R 2 B 2 B 2 EA 



\Ri 

(j } RiB 1 R 2 B 2 B 2 EA\2 



dU 



(5) 



and 



R 2 R 1 B 1 B 1 EA 



(U) 



^R 2 

\R 2 \ 



V» 



U(ii 2 B 2 ) 



where a R i R 2B 2 B 2 EA(jj^ = Ti §i [U ■ ^ b i r 2 b 2B 2 ea^ and 

a .RaR 1 B 1 B 1 EA^ _ rp,. . ^R 2 B 2 R 1 B 1 B 1 EA^ 



This means that there exist unitaries U BlBl and {/. 
that satisfy the above inequalities. As mentioned before, since 
and R2B2 are maximally entangled, we can achieve 
the same effect by applying lf[ and on A\A\ and A2A2 
respectively. 

Now, using Uhlmann's theorem (see Appendix iLUb . we 

get that there exist decoding unitaries y B ^ B ^ B ^ B ^ an( j 
v b 2 b 2 ^b 2 b 2 such that 



ri?2 &2 



{(ViViUtfWUZ'uT) ■ <p) - ^ B ^ B * EA o 



\Rll\BiWR2B2B2EA\ m r/ / h 1 b 1 R 2 B 3 B 2 E j 4a2 1 



Si 



(7) 



and 
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tT TT T\ ,_\ J,R 2 B 1 B 1 B 2 EA „ ^R 2 B 2 



(8) 

where and -02 are some pure states determined by the 
theorem. To finish, we need the following lemma: 
Lemma 1: If we have 

\\p ABC -a A ®a BC \\ < 6l 



then \\p 



ABC 



■T c \\ < 2ei +e 2 . 



Proof: 



l p ABC _ a A^ T B^ T C< 



^ \\ p ABC_ a A^ a BC\ 



\a A <g cr 80 - a" 4 <g T 8 <g T C I 



= £1 
s$ 2ei + e 2 



(7 — T (& 1 T 
(tS C_ / ,BC| 1 



|p BC -r s <g>r c | 



Applying this to our system, we get equation (|4j. ■ 

VI. I.I.D VERSION 

Theorem 2: Let A/"" 4 ^ BlB2 be a quantum broadcast chan- 
nel. Then the following rate region is achievable for 

^ Al A 2 B lB2 DE = U ^^B 1 B 2 E^ Al A 2 A'D where |^ afly 

pure state: 



We can remedy this situation by using the FQSW protocol 
to decouple Af n and Af n . Whether we apply it to Af n or to 
Af n , it will require us to remove n[\l{Ai\A 2 ) + 5] qubits, 
where S > can be arbitrarily small (note that here, and 
throughout this proof, the mutual information is taken with 
respect to \ip) as defined in the statement of the theorem). The 
removed qubits will play the role of A in the previous section. 
Suppose without loss of generality that we apply it to Af n 
only. (This will correspond to one of the corner points of the 
region and therefore, by time-sharing, the entire region will be 
achievable.) Let W l 1 be a Schumacher compression 

unitary (meaning an operator that separates the typical and 
non-typical subspaces into distinct subsystems) composed with 
this FQSW unitary where A\ plays the role of the system 
that stays behind in FQSW, and A\ is the combination of the 
systems that are discarded in both the compression step and 
the FQSW step. 

At the end of this process, it can be shown (see equation (01) 
that the A\ subsystem of W\ ■ 4*^ is asymptotically equal to 
the maximally mixed state. To get A® n to also be maximally 
mixed, we can apply another FQSW unitary to it, and discard 
n8 qubits from it (where 5 can be arbitrarily small); this 
also leaves A2 asymptotically equal to the maximally mixed 



state. Let W, 



AT^A 2 A 2 



be a Schumacher compression unitary 



followed by this second FQSW unitary as with Wi, and let 

^A 1 A 2 A 1 A 2 A'D®" be 



w. 



aT^a 2 a 2 



Applying equation <£3j to W\ and W 2 , we obtain that 

4 (Q) IA 2 | 



\A\A 2 A'D\®n 



AiA 2 A 2 



A 2 A 2 



(10) 



(11) 



< Qi < -/(AisBi)^ 

0<Q 2 -I(A 2 ',B 2 )^ 

Q1 + Q2 < \ [J(j4i; B^ + I{A 2 ; B 2 )^-I{A r ,A 2 )^\. 

(9) 

Qi is the rate at which Alice sends qubits to Bob 1, and 
likewise for Q 2 for Bob 2. 

Note that including the D subsystem is equivalent to al- 
lowing (f> A i A 2 A to be a mixed state; we find this formulation 
more convenient for our purposes. 

Proof: To get this rate region, we must apply the one-shot 
theorem to an i.i.d. state. The main challenge is that for an ar- 

„ , - , , A/ -,Af"A® Tl B?™B? , "D®"B®™ 

bitrary i.i.d. state of the form \qr w ) = 
U% n (\<t>) AlA * A ' D )® n , the Af n and Af n subsystems can be 
correlated, and to apply the one-shot theorem, it is crucial that 
Af n and Af n be maximally mixed and decoupled in order 
to play the roles of R\B\ and R 2 B 2 respectively. (We use 
the term decoupled to indicate that the density operator of 
a composite quantum system is the product of the reduced 
density operators of its component systems. The analogous 
notion in probability theory is independence.) 



Hence, we have that ^ lA2 ~{ a ) A [[XT ' cormrrmn g tna t A\ 
and A 2 are indeed maximally mixed. 

NOW, let \tp) = <g> (g) |$)«2A 2 ® j^Aafl^ 

where we identify R\B\ with A\ and R 2 B 2 with A 2 . Since 
A\A 2 is asymptotically equal to the maximally mixed state in 
both |£) and \<p), by Uhlmann's theorem (see Appendix [TTTb 
there exists an isometry \y AlAlA2A2 ^ AlA2A ' such that 
\£u) = W\tp) is asymptotically equal to Note that we 
can use Theorem [T] directly on \<p) and the encoding unitary 



W. This means that there exist isometries U 1 



AjAi 



u. 



A 2 A 2 



yBiBi—>BiBi 



and ^Ba-BaBj such ^ equation Q is 



satisfied. 

Now, define II b to be the projector onto the e(n) -typical 
subspace of an arbitrary subsystem F® n (see Appendix UJl. 
Let |£i) be 



(gmt 



W 2 W X XJ N 
and |£ 2 ) be 

W 2 WJJ%^ 



n 



A 2 B 2 DE^A 1 ^A 1 A 2 B 2 DE^J^ 



U 



0n 



^AiB 1 DE^-A 2 ^A 2 A 1 B 1 DEUff n 



Since the only differences between |^) and |£ 2 ) are the 
presence of different typical projectors, it is possible (see 
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Appendix Hill to choose e(n) such that lirrin^oo e{n) = and 
such that the three states are asymptotically equal. (Note that 
the argument relies on the transitivity of asymptotic equality.) 
We will therefore select e(n) such that £ ~{a) £,u ~(a) £1 ~(a) 

We will now evaluate the first term on the right-hand side 
of © using |£i iJv -) = U$ n _\£i) (where Ai will be split into R x 
and Bi and likewise for A 2 ). From basic properties of typical 
subspaces (see Appendix [II), for sufficiently large n we have: 



Likewise, we can evaluate the second term on the right-hand 
side of equation (0 using \£ 2 ,s/) ~ U^f n \£, 2 ) an d obtain that 
we need \B 2 \ ^ 2 n ^ I< - A2]AlBlE)E ^ 2+2 ^ to make it vanish. 



\Ri\\Bi\ = \Ai\ «S 2 



n[ff(A 1 )-i/(A 1 ;A 2 )+5] 



(12) 



Tr 



,A 2 Bf n D® n E® n A,A, 



= Tr 

= Tr 
^Tr 



{wtwluT<x,u) ATATBrDi 



( HA 2 B 2 D E II A 1 11^4 j ,4 2 B 2 D £ 



(14) 



(n^ 



a 2 b 2 deU n - 



t<&n\ 



< 2-n[H(A 1 A 2 B 2 DE)~S] 

where we used the definition of £i,a/" in the second equation, 
and the first inequality is due to the fact that adding a projector 
can only decrease the trace. Now, the first term of equation 
(HJi becomes 



\Ri\\B 1 \\R 2 B 2 B® n D® n E® n A\ 



Tr 



jV\R 1 B 1 R 2 B 2 B® n D® n E< i 



Now, since |£i,jv) 



1 (a) d N 



UT\iu), if we had 



calculated the LHS of © using U® n \£,u) instead of l^jv") and 
|^2,jv)> by the triangle inequality, we could only have gotten 
a value that is larger by at most a vanishing term. Hence, by 
combining the two bounds, we get that 



{V 2 ViU% n WU 2 Uiy<p w (o) 



B 2 D®"E< i 



5$ J 



since Ai is the result of taking the typical subspace of Ai 

(size 2"[ ff ( j4l ) + ' 5 ]) and removing a random subsystem of size 
2 n[^i{A v ,A 2 )+5] _ We also haye 

\R 2 B 2 Bf n D® n E® n A 1 A 2 \ = |Af" B® n D® n E® n A x \ 

< 2n[H(A 2 B 2 DE)+S]^n[^I(A 1 ;A 2 )+S\ 

(13) 

Note above that after projecting onto the typical subspace of 
Af n , A can be considered to have dimension 2 n ^ I(Al ' A ^+^ 
in the sense that the post-projection subnormalized density 
operator has support only on a subspace of that dimension. 
Likewise, Af n Bf n D® n E® n can also be considered to have 
dimension 2 n ^- H ^ A2B2DE ^ +s ^ because of the typical projector. 
Finally, we have 



which means that the scheme works. 

We can now easily verify that our conditions on \B\\ and 
\B 2 \ indeed correspond to the rates advertised in the statement 
of the theorem. First, we have 

nQi = log|i?i| 

= log|A 1 |-log|5 1 | 



^5 n 



1 



H{Ax) - h{A 1 ;A 2 ) - h{A x ;A 2 B 2 DE) - 5 
n[/(A i; Bi) - I{A X -A 2 ) - 5} 



and 

nQ 2 = log|i? 2 | = log|A 2 
^ n 
1 



■logical 



H(A 2 
n[I(A 2 ;B 2 



^I(A 2 ;A 1 B 1 DE)-S 



where S vanishes as n — > oo. We can, of course, exchange the 
roles of Bob 1 and Bob 2; combining this with time-sharing 
gives the asymptotic rates given in (O. ■ 
We can also calculate how much entanglement is needed 
between Alice and the two Bobs; let E\ be the rate at which 
EPR pairs between Alice and Bob 1 are used during the 
protocol, and define E 2 similarly for Bob 2. We have 



nE\ = log \B X 
1 



> n 



I(A 1 ;A 2 B 2 DE) + 2S 



nE 2 = log \B 2 
1 



(15) 



> n 



I(A 2 ;A 1 B 1 DE) + 25 



«S 4 



2n[i(A 1 -,A 2 B 2 DE)+3S] ~j i A. Unassisted transmission 



Assuming \B X \ ^ 2 n V ( - A ^ A2B2DE ^ 2+25 \ we get 



\R 1 \\B 1 \\R 2 B 2 B® n D®" E® n A\ 



\Bi\ 2 



Tr 



R 1 B 1 R 2 B 2 B® n D® n E® n A 



< 4 x 2- nS/i 



Note that a simple modification of this protocol allows us 
to achieve transmission of qubits without needing preshared 
entanglement. We can first let Alice establish initial entan- 
glement with Bob 1 using the LSD theorem [18], [19], [20] 
(ignoring Bob 2 during this phase of the protocol); likewise, 
she can establish initial entanglement with Bob 2. Then, they 
can use the entanglement-assisted protocol just shown for the 
rest of the transmission, using part of the rate to maintain 
their stock of entanglement, and using the surplus to transmit 
qubits. Since we only need to use this suboptimal protocol for 
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the initial stage, the asymptotic rates will be unaffected. The 
asymptotic rates will be 

Qi = Q\ — Ei 

< hiAx-Bx) - h(A 1 ;A 2 ) - h{A 1 :A 2 B 2 DE) 

= I{A l )B l )- l -I{A l -A 2 ) 
Q2 = Q2 — E 2 

^ X -I(A 2 -B 2 ) - ^I(A 2 ; A1B1DE) 
= I{A 2 )B 2 ) 

yielding, via time-sharing, the following rate region: 

s? Qi < I(A 1 )B 1 ) 
< Q 2 < I{A 2 )B 2 ) 

Qi+Q2^ I{Ax)B x ) + I{A 2 )B 2 ) - ^I(A l ;A 2 ) 

It is interesting to note the presence of both coherent informa- 
tions and quantum mutual informations in this expression. A 
detailed proof that this strategy works requires a slightly more 
careful analysis of the broadcast father protocol than we have 
done here. Specifically, it is straightforward to verify that the 
entanglement generated in the father can be produced such 
that it is within 0(2~ na ) in trace distance of the standard 
maximally entangled state, for some a > 0. This ensures 
that the father protocol can be repeated a number of times 
polynomial in n, re-using some of the output entanglement 
at each step, without causing significant degradation in the 
quality of the entanglement. 

B. Regularized converse 

The rate region given in theorem |2] is indeed the capacity of 
quantum broadcast channels provided we regularize over many 
uses of the channel. It is important to remember, however, 
that regions defined by very different formulas can nonetheless 
agree after regularization, so the following theorem should be 
understood to be only a very weak characterization of the 
capacity. 

Theorem 3: The entanglement-assisted capacity region of a 
quantum broadcast channel N A ^ BlBl is the convex hull of 
the union of all rate points (Qi,Q 2 ) satisfying 

0<Qi ^-I(A r ,Bf n ) 
In 

0^Q 2 ^^I(A 2 ;Bf n ) 
In 

Qi + Q2 < ^[I(Ai; Bf ") + I(A 2 ;Bf n ) - I(A i; A 2 )] 
2n 

(16) 

for some state of the form \j,)AiA*B*»B*»DE*> = 
u 9n^A 1 A 3 A' 9n D t where |0) is a pure state 

Proof: It is immediate from theorem [2] that the region is 
achievable. We now prove the converse. 

Suppose that (Qx, Q 2 ) is an achievable rate pair. That means 
that there exists a sequence of (Qx, Q 2 , n, e n ) codes such that 
e n — > as n — > 00. Consider the code of block size n in this 



sequence. Let \tp) = \$) R ^ A i ® \$) A i B i ® ® 
be the input state as in theorem [T] w AlA2AlA2 ^ A '® nD be 
the encoding isometry, and let \ip) R i R » B ? "Bf n B 1 B 2 E® n _ 
jj®. n W\(p) . As usual, we will evaluate entropic quantities with 
respect to \ip). 

Given that Bob 1 must be able to recover a system which 
purifies R\ from Bf n and B\, we have by Fannes' inequality 
[23] that I{Rx;Bf n Bx) ^ 21og|i?i| - nS n , where 5 n -> 
as n — > 00, and likewise for Bob 2. We also have 

I(Rx;Bf n Bx) = H(Rx) + H(Bf n Bx) - H(RxBf n Bx) 
^H(Rx)+H(Bf n ) 

+ H(Bx)-H(RxBf n Bx) 
= H(RxBx) + H(Bf n ) - H(RxBf n Bx) 
= I(RxBx;Bf n ) 

(17) 

where the second line follows from subadditivity, and the 
third line from the fact that R\ and Bx are in a product 
state. Hence, I(R 1 B 1 ;Bf n ) > 2 log \Rx\- n5 n and likewise, 
I(R 2 B 2 ; B® n ) ^ 2 log \R 2 \ - nd n . Now, if we identify RxBx 
as Ax and R 2 B 2 as A 2 , we see that 

Qx< ^-I{Ax;Bf n ) + 5 n (18) 
In 

Q2^^-I(A 2 ;Bf n ) + 6 n (19) 
2n 

where S n — > as n — > 00. Since I(Ax\ A 2 ) = 0, this rate point 
is clearly inside the region in equation ( TToT ), and it follows that 
this is indeed the capacity of the channel. ■ 

An analogous theorem can easily be shown to hold for the 
unassisted capacity: 

Theorem 4: The unassisted capacity region of a quantum 
broadcast channel N A ^ BlBl is the convex hull of the union 
of all rate points (Qx : Q 2 ) satisfying 

< Qx < ^-I{Ax)Bf n ) 
In 

0^Q2< ±I(A 2 )Bf n ) 
2n 

Qi + Q2^ ^[I(Ax)Bf n ) + I(A 2 )Bf n ) - I(Ax;A 2 )] 

(20) 

for some state of the form |^^i^2B 1 8 "*b®"_d_e 8 " _ 

U »n^A 1 A a A'* n D t where |0) is a pure state 

While one might conjecture that Theorem [3] characterizes the 
entanglement-assisted capacity region of a broadcast channel 
even with the restriction n = 1, the analogous conjecture for 
the unassisted capacity is false. In fact, it isn't even true for a 
channel with a single receiver [24]. 

C. Generalization to more receivers 

It is possible to generalize the protocol to more than two 
receivers. Without going into details, it is straightforward to 
show that a one-shot version of the protocol holds if there 
are more receivers; we simply get equations of the form of 
equations (|7]i and (JHJ for each receiver, and then we put them 
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together in a way that is analogous to what we have done for 
two receivers. 

To generalize this to the i.i.d. setting, the idea is to use a 
multiparty version of the FQSW protocol to decouple all the 
Ax ■ ■ ■ A n subsystems [25]. Thus, instead of simply having a 
constraint on Qi + Q 2 , we get nontrivial constraints on every 
possible subset of receivers. The result is the following rate 
region: 



J2l(Af,B 3 )-J(A K ) 

jeic 



(21) 



where J{A K ) = H(A h ) + - ■ ■+H(A j]K] )-H{A jl ■ ■ ■ A j]IC] ), 

for all K. = {ji,--- ,i|jc|} Q {!>•■' i m }- The mutual 
informations are defined on the state \ ( j/f^Ai---A n B 1 ---B n DE _ 

U N \<f>) A ^- A " A ' D . 

VII. Discussion 

We have shown that a new protocol for entanglement- 
assisted communication of quantum information through quan- 
tum broadcast channels can be obtained from the FQSW 
protocol. Our protocol achieves the following rate region for 
every state 



\A 1 A 2 A'D. 



< Qi < -I{Ax\Bx)i, 
< Q 2 < h{A 2 -B 2 )^ 

3i + Q2 < \ [I{A 1 -Bx)^ + I(A 2 ;B 2 )^ - I{A 1 ;A 2 ) il ] 



(22) 



where ^MMb^db = u ^b 1 b 2 e i 



^AiAiA'D 

Note that the corresponding rate region (equation (O) is 
very similar to Marton's region for classical broadcast channels 
(equation (UJ) [3]; except for the factors of 1/2, the two 
expressions are identical. In fact, for classical channels, the 
rates for entanglement-assisted quantum communication found 
here can be achieved directly using teleportation between the 
senders and the receiver, with the classical communication 
required by teleportation transmitted using Marton's protocol. 
From this point of view, our results can be viewed as a direct 
generalization of Marton's region to quantum channels. 

Therefore, once again, it is the entanglement-assisted ver- 
sion of the quantum capacity that bears the strongest re- 
semblance to its classical counterpart. The same is true for 
both the regular point-to-point quantum channel [26] and the 
quantum multiple-access channel [27] [28]. In both those 
cases, the known achievable rate regions for entanglement- 
assisted quantum communication are identical to their clas- 
sical counterparts. This collection of similarities suggests a 
fundamental question. To what extent does the addition of 
free entanglement make quantum information theory similar 
to classical information theory? 

Of course, the lack of a single-letter converse for Marton's 
region and, by extension, for our region, leaves open the 
possibility that the analogy might break down for a new, better 
broadcast region that remains to be discovered. A first step 
towards eliminating that uncertainty could be to find a better 



characterization of the quantum regions we have presented 
here. The presence of the "discarded" system D in theorem 
12 is equivalent to optimizing over all mixed states § A ^ A ^ A 
rather than only over pure states. This is not required for 
most theorems in quantum information theory, but we have 
not found a way to prove the regularized converse without 
allowing for the possibility of mixed states. We leave it 
as an open problem to determine whether it is possible to 
demonstrate a converse theorem that does not require allowing 
mixed states. 
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Appendix I 
Asymptotic equalities 

Here we formally define the asymptotic equalities involv- 
ing the ~( a ) relation. Let if> = {^(1)) VV2),---} and ip = 
{y>(i), V(2), - } be two families of quantum states, where ipt n ) 
and ip/ n \ are defined on a Hilbert space Tt® n . Then we say 
that ip ~(o) V if hm n _,.oo IV'(n) — V(n) || = 0. We then say that 
ip and (p. are asymptotically equal. Note that, by the triangle 
inequality, ~( a ) is transitive for any finite number of steps 
independent of n. 

It should be mentioned that throughout the paper, asymp- 
totic families of states are not always explicitly referred to 
as such, but generally speaking, whenever a state depends on 
the number of copies, it should be considered as a family of 
states. In addition, with a slight abuse of notation, we allow 
quantum operations on families of states; it should be clear 
which operation is done on each member of the family. 

Appendix II 
Typical subspaces 

Much of information theory relies on the concept of typical 
sequences. Let X be some alphabet and let X be a random 
variable defined on X and distributed according to p(x). 
Define the e-typical set as follows: 



q-(n) 



{x n £X n |-ilogPr{X" = x n } - H{X)\ s^e} 



where X n refers to n independent, identically-distributed 
copies of X. It can be shown that the two following properties 
hold: 

1) There exists a function e(n) such that linin^oo e(n) = 
and such that Pr{X n <E T ( "U ^ 1 - e(n). 

2) There exists an no such that for all n > no, \% 

2 n[H(X)+e]^ 

The quantum generalization of these concepts is relatively 
straightforward: let p A — ^2 xe x p( x )\ x )( x \ be the spectral 
decomposition of a quantum state p A on a quantum system 



-(«): 
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A. Then we can define the typical projector on the quantum 
system A® n as follows: 

\x n ){x n \ 



n(«) = £ 



We call the support of LT^ the e-typical subspace of A® n . 
(For brevity, we often omit e and refer simply to the typical 
subspace. In this case, unless otherwise stated, e can be 
assumed to be a positive constant, independent of n.) The 
two properties given above generalize to the quantum case: 
1) There exists a function e(n) such that linin^oc e(n) = 



and such that Tr 



n 



(n) 
s(n)t 



1 S« 



^ 1 - e(n). 



2) There exists an n such that for all n > no, Trpe ] < 

2n[H(A)+e]_ 

Note that the first of these two properties implies that 



n 



(n) 



.,s ■ p'" «( a ) , via the "gentle measurement" 

lemma (Lemma 9 in [29]). One can also easily show that 

- p A ® n is also asymptotically 



the normalized version of IT 



equal to p A ® n , and that it also holds for i.i.d. states with more 
than one subsystem. 

Appendix III 
Uhlmann's theorem 

In this paper, we use Uhlmann's theorem [30] several times, 
in the form first presented as Lemma 2.2 in [31]: 

Theorem 5: Let \ip) AB and \<-p) AB be two quantum states 
such that ||-0' 4 — tp A \\ ^ e. Then there exists an isometry 

U B '^ B such that iP AB - U B '^ B ■ ip AB ' < 2y/e. 



e(n) 
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